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An analytical global solution to the Einstein field equations for the case of Bianchi IV symmetry is
constructed. It is axisymmetric, has a singularity in the finite past, is asymptotically flat as t— o0, does not
admit the presence of a perfect fluid source, and must have zero cosmological constant.

INTRODUCTION

In recent years there has been strong interest in
spatially homogeneous, nonisotropic, cosmologi-
cal models based on the Einstein theory of general
relativity. These are the so-called Bianchi mod-
els. Extensive discussions have been published
by Ellis and MacCallum,* Ryan and Shepley,?
MacCallum,® and others. Among the reasons for
the interest in such models are the following: the
source-free models generally have an anti-
Machian character* manifested by nonzero curva-
ture, a fact first noted by Taub® and yet to be
satisfactorily explained; the evidence for the iso-
tropic nature of the universe although strong for
the present epoch (see, e.g., Peebles®) is less
convincing for earlier regimes.

The particular case studied here is a Bianchi
IV model. We find that for the simplest choice of
metric a solution in closed form is obtainable.

It is axisymmetric, has a singularity in the finite
past, and is asymptotically flat as { —«. The
model has a number of remarkable features: It

is first found that it cannot be persistently diagonal
in either the vacuum or perfect-fluid situation;

the simplest nondiagonal case will possess a solu-
tion only if the cosmological constant is zero and
no matter is present. By “matter” is meant a
perfect fluid. There is some evidence that an
electromagnetic field may be admissible as a
source. For the most part we use Cartan sym-
bolic? methods to obtain components of the Ricci
tensor. Although many authors have derived gen-
eral expressions for the components of this tensor,
it proved to be advantageous to treat the Bianchi
IV model in its essential specialized form from

the ‘start.

FIELD EQUATIONS

The Einstein field equations with cosmological
constant are

Ruy_é_guvR +guyA=kTuu ’ (1)

with k£ =87G/c* and units of G and ¢ so chosen that
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k=1. Greek indices run from 0 to 3; Latin indices
from 1 to 3. The metric signature is +2. The
summation convention is used throughout. The
stress-energy tensor for a perfect fluid is

Tpu =(D+P)M,,uv+Pgu.) ) (2)

where p is the energy density, p is the pressure,
and u, is the fluid velocity with u*«,=-1. The
field equations may be rewritten in the form

Ry, =(p+Pluyu, +38,,(p=P) +g A 3)

The line element in a synchronous system in terms
of one-forms is

ds? =-0%°+g;;(t)oto’ . (4)

It is a characteristic feature of the Bianchi models
that a synchronous metric in which the spatial por-
tion of the metric is parametrized by ¢ is general-
ly admissible. ,

The exterior differentials of the one-forms for
Bianchi IV symmetry are

do* =0, (5a)
do® =o'~ 0%, (5b)
do® =o' (0% +03). (5¢)

An orthonormal basis
ds*=n,, 0" 0" , (6)

where 7, is the Minkowski metric, is obtainable
with the substitution

wi=hy,t), (7)
with
gijzzhkihk] . 8
R

The simplest choice which yields a nontrivial
model is

w'=ac?, (92)
w?=bo?, (90)
wi=cfo? +co® ) (9¢)

where a, b, ¢, and f are the functions of ¢ to be

2734



15 EXACT BIANCHI IV COSMOLOGICAL MODEL ' 2735

determined. A diagonal metric in synchronous
form for either the vacuum case or perfect-fluid
source does not exist, i.e., f cannot be set equal
to zero and a consistent set of field equations ob-
tained. This is seen most clearly in Eq. (19¢). If
f is set equal to zero, then ¢ too must be zero.

Even with this rather special choice of metric
the Einstein equations so obtained [Egs. (19a)-
(191)] have so far proven to be intractable. How-
ever, the details of the equations are such as to
suggest the possibility of substantial simplifica-
tion if b is set equal to ¢. This choice is indeed
made and a solution is readily obtained. Until
Egs. (19a)-(19f) are derived the more general
form will be retained.

The inverses to Egs. (7) are

ol=

Q| =

w?!, (10a)

2 (10b)

Q
I
SRR

€

1 3
- w?, (10c)

3=_L 2
o bw +
The exterior derivatives of the orthonormal
basis one-forms are readily found by use of Egs.
(9) and substitution of Egs. (5) and (10):

dw®=0, (11a)
do'=200n 0t , (11p)
a
; 1
dw2=%w°Aw2+;w1A w?, (11c)

c c c
dw3=?fw°A w2+zw°Aw3+(-l-b-wlAw2

1
+-wlaw?, (11d)
a
where a=da/df. Comparison of these equations
with the relationship
dw®==3Cg, "0 rw? (12)

provides, immediately, the structure coefficients
Cgy*. These satisfy the relationships

CB.,"‘=-C.,6°‘. (13)
Define

CS*/aE ch_\cBy)‘ (14a)
or, in the orthonormal frame,

Cﬂya=nakcﬂy)\ . (14b)

The nonvanishing coefficients then are

Cor ==C101==a/a, Co33==Csp3==C/C ,
Cozz =~Caop ==/, Cia3==Cpys=—c/ab,
Cio ==Cyp==1/a, C 33==Cyy3=-1/a,
Coas ==Caos =—Cf /b.

In the orthonormal frame the connection coeffi-
cients are

Tyay=3(Cupy +Cuys = Cayp- (16)

Finally, the Ricci tensor is given by

(15)

Ruv:rauu,,a_ Faucx.u _F‘xu Brava +raﬂarauu!
1)
where
raﬁyznauru By *

In general, for the noncoordinate approach the
commas appearing in Eq. (17) indicate the action
of the basis vectors on the connection coefficients
rather than partial differentiation. For spatially
homogeneous space-times, however, such as
treated here, it can be shown that the connection
coefficients are functions solely of time and there
is no inconsistency, inasmuch as the only opera-
tion which does not vanish is differentiation with
respect to time.

Of the 10 components of the tensor, four vanish
identically: '

Ry =R =R =R;3=0, (18)
with the first two implying necessarily that
uy =g =0.

The field equations then are

Ry = i<é+§+é _<é>z (fl)z (E) c’f 2
0 " qt\a b ¢ a) “\b/ “\c/ T 27

:(p +P)uouo'-%(p"?)-' A, (193)
2¢ 1/b ¢ c*f
Ru=2i =35 ) v
=(p+plugu, , (19Db)
_dfd\ dfa b ¢\ 2 A
R”'dt<2)+5<5+b+2>°?'Zaabz
=(p+phuu, +3(p-p)+A, (19¢)
R :-d—<§.>+é<.q:+.'b_+é>+_czﬁ.__‘i__2.
2 dt\b/ b\a b c 2% 2a%H°  o°
=3(p=p)+A, (194)
_4 _f.> _z<_ é) <
Ras dt<2b ) a+20 %
=0, (19¢)
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R -i(é>+é<é+é+é>_£iﬁ+__c*‘__£
B qt\c/ c\a b ¢ 207 24%0° a2

=3(p=p)+A. ‘ (191)

THE METRIC

Equation (19e) implies that unless the off-di-
agonal term f is retained, no solution will exist.
A solution may be obtained most simply if b is set
equal to ¢. Then

Ry, =Ry =f2-1/a*=0 (20)
and

f=x1/a. (21)
Substitution of this into Eq. (19e) yields

¥b=x1/a. (22)

Resubstitution of these two expressions into either
Eq. (19d) or Eq. (19f) yields

3(p-p) +A=0. (23)
The remaining field equations are thus reduced to

d{a é (d¥ 5
R°°“dt<a‘>*2?‘<2>‘ﬁ

Then
Roo +2Rg, +Ry; =(p +p) ugu, +2uguy +uey)

=0, (25)

with the implication that either the density or
pressure are negative—an untenable hypothesis—
or that u, =-u;. This latter condition is inconsis-
tent with the constraint n*”u,u,=-1. The only con-
sistent set of values is p=p=u,=0. Then, neces- -
sarily, A=0. The model, with the particular
metric, i.e., h=c, f+ 0, simply does not admit
other than a vacuum solution with zero cosmologi-

_cal constant. (See, however, comments below.)

This solution is readily found. R, =0 yields

a=+3+k (26)
with the concomitant

b=bo(£3t +k)Y/5 (27)
and

f=1Inf @3t +£)*/5, (28)

where k, b,, and f, are constants of integration.

=(p +P)ugio, (24a) The latter two are scale factors and may be set
;5 equal to 1. The constant % sets the time of the
Ry, =;2%+—2 singularity. It may be chosen arbitrarily; the
a® 2a . i e o
most convenient choice is 2 =0.
=(p+phug,, (24p) The choice of sign for ¢ manifested in Egs. (26),
. . 2 . (27), and (28) corresponds to describing the solu-
d/a a a 5 L s . . .
R, = E 2 + p + 2;3 by tion in either the positive or negative time domain.
It is convenient to take ¢> 0.
=(p+pluu, . (24c) The metric is thus
ds*==0%° + Gt Polo* +G )P /5[ 1 +1n%E1)*/5] 0%0? +InGt)*/5(0%"° +0%%) +0%°} . (29)

The point at £ =0 is more than just a coordinate
singularity. It is a true singularity. Indeed, the
nonvanishing components of the Riemann-Chris-
toffel curvature tensor all diverge like 1/¢2 as
t - 0; the nonvanishing curvature invariants di-
verge like 1/t* or 1/t°. The situation is quite dif-
ferent as ¢ — «. Here, all components of the
curvature tensor vanish. The singularity at ¢ ==
is thus a coordinate singularity. (There may exist
here a condition of geodesic incompleteness, and
this matter is currently being explored.)

The evolution of this model is the same as that
of the “big bang” models except for the remarkable
feature that it is devoid of matter.

- COMMENTS

Among the important fea:tures of the model is its
rejection of matter, at least in the form of a per-

-
fect fluid. One has no choice, and it would be of
considerable interest to understand why this tran-
spires. An investigation of this point is currently
being pursued. It is hoped to determine if a more
general metric or more general source, e.g., a
charged dust, might survive. In this connection it
should be remembered that the requirement of
spatial homogeneity in Bianchi models implies the
nonadmissibility of fields which vary spatially.
Thus, radiation as a source is ruled out except in
lowest mode.

One of us (AH) gratefully acknowledges helpful
conversations with E. Schucking and P. G. Berg-
mann; both of us are indebted to Jeffrey Cohen for
extensive and illuminating discussions on this
problem. )
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